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The implications of entrance region transport in hydrophobic microchannels are theoretically and
experimentally investigated in this work. Detailed analytical solutions are derived, depicting the
dependences of the liquid phase velocity profiles, entrance lengths, and friction factor variations on
the relative thickness of a nanobubble-dispersed layer formed in the vicinity of the microchannel
wall as a consequence of localized hydrophobic interactions. It is revealed that even for a layer of
nanobubbles formed with a typical thickness in the tune of three orders of magnitude lower than the
characteristic microchannel dimensions, the entrance length can be enhanced to the limit of about
1.5 times than that for the cases devoid of any hydrophobic interactions. The pressure drop
characteristics in the entrance region, as obtained for such cases, can turn out to be of significant
consequence with regard to the design of typical pressure-driven microflow systems involving
hydrophobic substrates. Closed-form expressions for the effective friction factor are also derived so
that more accurate and scientific guidelines can be provided for design of hydrophobic
microchannels, rather than trivially overruling the consequences of entrance region transport that is
commonly exercised on a routine basis. © 2008 American Institute of Physics.
DOI: 10.1063/1.2904988
I. INTRODUCTION
Rapid advancements in microfabrication and miniatur-
ization techniques have resulted in growing demands for em-
ploying microfluidic devices and systems in several practical
applications of emerging interest, encompassing the areas of
biotechnology and biomedical engineering, electronic chip
cooling, and inkjet printing, to name a few. Dramatically
enhanced significance of interfacial phenomena, originated
as a consequence of the drastic reduction in length scales
accompanying miniaturization, is perhaps one of the most
important facets that dictate the most critical aspects of these
applications. While experimental evidences clearly support
distinct and nontrivial frictional characteristics of microscale
flows as compared to their macroscale counterparts and sig-
nificant deviations from classical conjectures in many of the
concerned devices and systems, the underlying theoretical
explanations as well as laboratory observations have often
been found to be inconsistent and contradictory.
Despite intense investigations being undertaken on mi-
crofluidics and microscale transport processes by several
groups of researchers, there has only been a little work done
on the issues of entrance region flows in microchannels. As
such, researchers have routinely presumed the microchannel
flows to be fully developed, ignoring the entrance effects.
This has perhaps been based on the characteristic low values
of Reynolds numbers characterizing typical microflows.
However, it has been revealed that in the entrance region of
microchannels, velocity distribution and skin friction charac-
teristics may exhibit significant variations in the streamwise
direction,1 which is likely to bear significant consequences
with regard to the efficiencies of microchannel-based sepa-
ration processes. The entrance effects are not only expected
to be a strong function of the channel length, aspect ratio,
and the Reynolds number but also are likely to be critically
dependent on the interfacial transport at the microchannel
walls. The shorter the channels and the larger their aspect
ratios, the more significant can these effects be.
Yang et al.2 were among the pioneering groups of re-
searchers to numerically simulate the flow physics in the
entrance region of a microchannel, by considering an electro-
osmotically driven transport. Studies on similar aspects were
also reported by Chen et al.3 These investigations, however,
were primarily focused on the electro-osmotic flow actuation
mechanisms. Campbell and Kandlikar4 investigated the ef-
fects of entrance conditions on pressure gradients and flow
transitions in pressure-driven liquid transport through micro-
channels and minichannels. None of the above-mentioned
studies, however, considered the possibilities hydrophobic
interactions and the apparent slip phenomena at the fluid-
solid interface and their pertinent consequences on the en-
trance region transport.
For several decades, investigations on fluid dynamics re-
lied on the assumption that when a liquid flows over a solid
surface, there is a zero relative velocity between the liquid
molecules and the solid boundary at their points of contact.
Although this no-slip boundary condition has been success-
fully applied to model most of the macroscopic experiments
on liquid flows, there has been no microscopic justification
behind this conjecture. It is important to mention in this con-
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text that one of the most interesting and important aspects of
deviation from the classical no-slip boundary condition in
case microchannel liquid flows can be attributed to hydro-
phobic interactions at the solid-fluid interface, which may be
triggered by surface heterogeneities and roughness elements.
Accordingly, enhanced flow rates of Newtonian liquids in
microchannels are often ascribed to the presence of small
amounts of gas trapped on rough and/or hydrophobic
surfaces.5,6 Considering this hypothesis, Tretheway and
Meinhart7 devised a predictive methodology for examining
the mechanism of measured “apparent” slip behavior of wa-
ter flowing over hydrophobic microchannel surfaces. By
modeling the presence of either a depleted water layer or
nanobubbles as an effective gas gap at the microchannel
walls, the above authors calculated slip lengths for flow in
parallel plate microchannels in their pioneering investigation.
Their results clearly suggest that the apparent fluid slip ex-
perimentally observed in microchannels with hydrophobic
surfaces may arise from either the presence of nanobubbles
or a layer of low density fluid at the surface.8–11
Motivated by the intriguing influences of the consequent
apparent slip phenomenon, researchers have been in a con-
tinuous endeavor to understand the detailed mechanism of
nanobubble formation in micro-nanofluidic conduits. It is of-
ten argued that the interfacial shear mechanisms may induce
nucleation of vapor bubbles.12 Once the nucleation barrier
exceeded, the bubbles grow to cover the surface, and flow of
liquid is over this thin gas film rather than the solid surface
itself. It is well known that these bubble formations are
strongly dependent on surface heterogeneities, roughness,
hydrophobicity, as well as gas supersaturation.13 Preexisting
gas cavities might also play an important role in this context,
in the sense that once gas cavities exist on a substrate sur-
face, bubble formation can initiate at reasonably low levels
of gas supersaturation. At certain sites on the solid surface,
gas may first be trapped, in which case further diffusion of
dissolved gas from the bulk solution would enhance the for-
mation of bubbles.14 In general, the probability of bubble
formation near the interface is likely to be enhanced in the
vicinity of a hydrophobic surface. This is primarily because
of the fact that the structure of water molecules next to a
hydrophobic surface is apparently less ordered than a bulk
phase, whereas cohesive strength of water may be signifi-
cantly reduced with a hydrophobic solid interface. Tyrell and
Attard15 imaged, with an atomic force microscope, a hydro-
phobic glass surface submerged in water and discovered the
presence of pancake shaped, 20–30 nm thick nanobubbles
completely covering the surface. In addition, they showed
that the hydrophobic surface acts as a nucleation site pulling
dissolved gasses out of the solution. Within 10–20 min after
scraping the surface clean, the surface was once again com-
pletely covered with nanobubbles. The idea of slip flow over
nanobubble layers was first mentioned by Cottin-Bizonne
et al.,16 as a possible explanation for the attraction between
hydrophobic surfaces in water. This attraction could be due
to the hydrodynamic correlated fluctuations of the gas inter-
faces, analogous to the Bjerknes force between two pulsating
bubbles. Theoretical considerations have shown that it would
be favorable for water between two hydrophobic surfaces to
vaporize17 although detailed quantification of this phenom-
enon is yet to be generalized.
Despite substantial advancements in the understanding
of microfluidic and nanofluidic systems in recent times, the
physics of nanobubble formation, introduced as above, is yet
to be fundamentally resolved.18,19 Nevertheless, it has been
well established that the inception of nanobubble layers in
the substrate-liquid interfacial region triggers a sharp discon-
tinuity in the velocity gradients close to the fluid-solid inter-
face. This, in turn, is expected to influence the fully devel-
oped velocity profiles to a significant extent, as observed by
other researchers.7 Such considerations, however, are yet to
be extended for analyzing the entrance region transport of
liquids in microchannels, with possible nontrivial interac-
tions between the augmented flow resistance due to the en-
trance effects and reduced flow resistances on account of
apparent slip phenomena at the microchannel walls. The re-
sulting fluid dynamic interactions originating as a conse-
quence of these counteracting mechanisms might appear to
be somewhat intuitive in nature but are by no means obvious.
The aim of the present work is to devise an analytical
formalism for assessing implications of the hydrophobic
interaction-induced apparent slip phenomena at the micro-
channel walls on the pertinent entrance region liquid flow
characteristics. Two most significant aspects of the present
study are the considerations of effective boundary slip in
liquid flows occurring in the entrance region of microchan-
nels and the analytical framework developed for investigat-
ing the underlying consequences. Besides their archival im-
plications, the analytical solutions derived in the present
study can also be employed to assess and benchmark the
accuracy, convergence, and effectiveness of the simplified
numerical computation strategies that are commonly adopted
for analyzing microscale liquid flows. Further implications
of the present analytical solutions lie in the fact that full-
scale computational studies alone cannot supply with enough
information regarding the significant characteristics of the
solution and the comprehensive effect of the entrance region
transport since a limited range of data set can only be cov-
ered during the numerical experiments and prohibitively re-
fined grid systems are often necessary to capture the near-
wall flow features. Thus, irrespective of routinely executed
computational studies on fluid dynamic transport over dis-
parate length scales, closed-form solutions on microchannel
flows greatly attract the research community, primarily at-
tributable to the following two important aspects: i the
characteristics of the whole solution can be grasped easily
and ii bottlenecks related to the requirements of stringent
spatiotemporal resolution are of no consequence for analyti-
cal solutions. Therefore, the closed-form solutions presented
in this study may act as an efficient design basis for micro-
channels subjected to strong hydrophobic interactions at the
walls, especially in cases of “short” microchannels for which
the entrance region spans over a significant fraction of the
overall axial extent. Utilizing these solutions, the friction
factors in the entrance and the fully developed flow regimes
are also obtained as a function of the relative thicknesses of
the nanobubble layers, depicting the implications of the ap-
parent slip mechanisms on the microchannel flow resistance
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characteristics. Experimental verifications in support of the
important findings of the present study are also outlined in
this work.
II. MATHEMATICAL MODELING
We consider the pressure-driven flow in the hydrody-
namic entrance region of a parallel plate microchannel, sub-
jected to hydrophobic interactions at the walls. The micro-
channel height is taken as 2h, with symmetry about y=0
centerline. The momentum equation can be written in a
conservative form as where x represents the axial coordinate
and y represents the transverse coordinate
u2
x
+
uv
y
= −
1

dp
dx
+ 
2u
y2
, 1
where the pressure gradient dp /dx is assumed to be indepen-
dent of y. In Eq. 1, u and v are the velocity components
along x and y directions, respectively,  is the density of the
fluid, and  is its kinematic viscosity. Equation 1 can be
integrated from y=0 to y=h, to yield
−
1

dp
dx
=
1
h

x

0
h
u2dy −

h uyy=h. 2
By eliminating dp /dx from Eqs. 1 and 2 and noting that
 /x0
hudy=0 from the continuity equation, one obtains
the following equations as a linearization approximation:17

2u
y2
= u¯
u
x
+

h uyy=h, 3
where u¯ is the cross-sectionally averaged axial velocity com-
ponent. Introducing dimensionless variables considering Dh
as the hydraulic diameter of the channel 
= x /Dh / u¯Dh /, =y /h, and U=u / u¯, Eq. 3 becomes
2U
2
=
1
16
U

+  U


=1
. 4
In solving Eq. 4, it is important to take into account the
hydrophobic nature of the microchannel substrate because of
which the solid boundaries may not be in direct contact with
the bulk liquid. Instead, a thin layer of gas bubbles is likely
to mediate the microchannel wall and the transported liquid,
as mentioned earlier. With the formation of such vapor
bubbles flow over those is likely to result in an apparent
slip.20,21 Since stress must be continuous at a liquid-gas in-
terface, a difference of shear viscosities will lead to a differ-
ence of strain rates. If a liquid of viscosity w flows over a
layer of height  with viscosity a, the apparent slip length
for the flow conditions described as above can be estimated
as
7
 =
w
a
 22h +  . 5
By utilizing Eq. 5, the appropriate wall boundary condition
for Eq. 4 can be written as
U1, = − U/=1, 6
where = /h. The other pertinent boundary conditions are
as follows:
 U


=0
= 0, 7
U,0 = 1. 8
Further, since the flow is fully developed at a “large”
distance from the inlet, one may write
U, = Ufd , 9
where Ufd represents the fully developed velocity profile.
In solving Eq. 4, the velocity field can be conceived as
a combined consequence of the fully developed and the de-
veloping flow profiles in the following manner:
U, = Ufd + V, , 10
where V , represents the developing flow velocity pro-
file. Substituting Eq. 10 into Eq. 4, we find that Ufd
satisfies the following equation:
d2Ufd
d2
= dUfdd =1. 11
A solution to Eq. 16 may be obtained by using Eqs. 6 and
7 and the following continuity condition:

0
1
Ufdd = 1,
to yield
Ufd =
6
6 + 2
−
31 − 2
6 + 2
. 12
Further, substituting Eq. 10 into Eq. 4, V , is found to
satisfy the following equation:
2V
2
=
1
16
V

+  V


=1
. 13
Equation 13 may be solved by employing the separation of
variables method, as
V, = FG . 14
Substituting Eq. 14 into Eq. 13, one obtains
Fi = Ci exp− 16	i
2 , 15
d2Gi
d2
+ 	i
2Gi = dGid =1, 16
where 	i are the eigenvalues. A particular solution of Eq.
16 is of the following form:
Gi
p =
1
	i
2dGid =1. 17
Solution of the homogeneous part of Eq. 16 is of the fol-
lowing form:
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Gi
h = Ai cos	i + Bi sin	i . 18
By using Eq. 7, it follows that
Bi = 0. 19
Hence, the complete solution of Eq. 16 is of the form
Gi = Gi
p + Gi
h = Ai cos	i +
1
	i
2dGid =1. 20
Thus, dGi /d=1=−	iAi sin	i so that one gets
Gi =
Ai
	i
	i cos	i − sin	i . 21
By using Eq. 6, the eigenvalues 	i are found to satisfy the
following constraint:
tan 	i =
	i
1 + 	i
2 . 22
Further, the functions Gi can be normalized in terms of the
orthogonality conditions 
−1
1 Gi
2d=1 to yield
Ai =
1
sin	i
1 + 3 + 	i
22−1/2. 23
By applying the entrance condition Eq. 19, it follows
V,0 = 1 − Ufd = 	
i=1

CiGi . 24
By using the orthonormality properties of Gi, the coefficients
Ci can be obtained in the following manner:
Ci = 
−1
1
1 − UfdGid . 25
By using Eqs. 12 and 21, the above integral may be ob-
tained as
Ci =
2Ai sin	i
	i
. 26
By using Eqs. 12, 14, 15, 21, 23, and 26, the ve-
locity profile can be obtained from Eq. 10 as
V, =
6
6 + 2
+
31 − 2
6 + 2
+ 	
i=1
 2	i cos	i − sin	iexp− 16	i
2
	i
2 sin	i1 + 3 + 	i
22
. 27
In obtaining the pressure drop, Eq. 2 may be rewritten
as
−
1
2 12u¯2
dp
d
=



0
1
U2,d − 16 U


=1
. 28
For fully developed flow conditions, the above equation sim-
plifies to
1
2 12u¯2
dp
d
= 16 Ufd


=1
. 29
Equation 29 is integrated between 0 and  yielding
p0 − pfd
1
2u¯
2 = − 32
0
  Ufd


=1
, d =
96
1 + 3
. 30
For the general case of developing flows, Eq. 30 assumes a
more general form of
p0 − p
1
2u¯
2 =
96
1 + 3
+ K . 31
By integrating Eq. 28 between 0 and  and comparing the
outcome with Eq. 31, one gets
K =
0.8
1 + 32
− 4	
i=1
 3 − exp− 16	i
2exp− 16	i
2
	i
21 + 3 + 2	i
2
. 32
By substituting Eq. 32 into Eq. 31, the product of friction
factor and Reynolds number can be obtained as
f ReDh =
24
1 + 3
+
1
51 + 32
− 	
i=1
 3 − exp− 16	i
2exp− 16	i
2
	i
21 + 3 + 	i
22
. 33
III. RESULTS AND DISCUSSIONS
A. Theoretical estimates
Figure 1 depicts typical velocity profiles in different sec-
tions of the microchannel, for various nanobubble layer
thicknesses. In the same figure, the velocity profiles obtained
from comprehensive numerical simulations without invok-
ing any linearization approximation are also shown. The
numerical solutions are obtained by solving the coupled con-
tinuity and momentum equations in a two-dimensional
framework, by employing a pressure-based finite volume
method. Pressure-velocity coupling is accomplished by using
the SIMPLER algorithm.22 The spatial derivatives in the dif-
fusion terms are discretized by central difference scheme. A
variable size grid system is considered and variations in the
size of grid are smoothly affected, with more densely spaced
grids being skewed close to the solid boundaries. The dis-
cretized system of linear algebraic equations is numerically
solved by employing the line by line tridiagonal matrix al-
gorithm. Convergence criterion for the maximum relative er-
rors in all the discretized equations is set to 10−6.
From Fig. 1, excellent agreements between the present
analytical solutions and the full-scale numerical solutions are
apparent. This aptly demonstrates the applicability of the
simplifying assumptions made in formulating the present
theoretical model for characterizing developing liquid micro-
flows in presence of perceptible hydrophobic interactions.
Further, it is evident from Fig. 1 that as the ratio  /h in-
creases, difference between the centerline velocity i.e., U at
=0 and the wall-slip velocity i.e., U at =1 progres-
sively diminishes at any given axial location. Higher values
of  /h, in effect, reduce the near-wall velocity gradients to a
considerable extent. On the other hand, higher values of  /h
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are also attributed to more prominent apparent slip effects
due to near-wall hydrophobic interactions. To compensate
for that, the apparent slip velocities at the wall turn out to be
substantially higher for greater values of  /h. This effect is
significantly more prominent at locations close to the micro-
channel entrance. As one axially progresses toward a fully
developed state, fluid in the core region tends to accelerate
further so as to satisfy the requirements of continuity. This
relative acceleration of the central core, however, is consid-
erably reduced for higher values of  /h, primarily because of
the fact that the apparent wall-slippage effects for such cases
appear to be strong enough to partly compensate for retarded
fluid motion within the viscous shear layer. However, this
forces the inner shear layer to grow at a slower rate than the
cases without involving any wall-adjacent hydrophobic inter-
actions. This effect is clearly evident in Fig. 2, which depicts
the variation of the nondimensional entrance length as a
function of  /h. It is extremely important and interesting to
observe from this figure that even with a trace amount of
nanobubble formation due to hydrophobic interactions, there
is a rapid increment in the nondimensional entrance length
expressed in terms of the parameter 
. In fact, more than
50% increment in the entrance length can be observed with
 /h as small as 10−5%. This is because of the fact that due to
the presence of nanobubble layers blanketing the solid
boundaries, the effect of wall shear penetrates into the bulk
fluid only after the core flow has axially traversed a signifi-
cantly greater distance than for the case devoid of any hy-
drophobic interactions. In more physical terms, an explana-
tion to the above phenomenon can be provided in light of the
fact that while the microscopic roughness of the solid surface
impede the motion of the adhering fluid promoting the stick
flow, the incipient vapor layers formed on the solid surface
tend to augment the level of slippage. The vapor layer, in
effect, acts like a shield, preventing the liquid from being
directly exposed to the surface irregularities. This is very
much reminiscent to the consequences of a “superhydropho-
bicity” phenomenon, as detailed by de Gennes et al.23 and
Bico and co-workers.24–27 In such cases, the liquid is not
likely to directly feel the presence of the wall and may
smoothly sail over the intervening vapor layers instead of
being in direct contact with the wall roughness elements.
FIG. 1. Color online Cross-sectional velocity profiles at different axial
sections corresponding to a  /H=0.001, b  /H=0.01, and c  /H
=0.1. Markers in the figures represent the analytical solutions and the con-
tinuous lines represent full-scale numerical solutions.
FIG. 2. Color online Variations in entrance length with different values of
 /H. Markers in the figure represent the analytical solutions and the con-
tinuous lines represent full-scale numerical solutions.
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Thus, the apparent slip effects at the wall are primarily re-
sponsible for the enhancements in the entrance lengths. In-
terestingly, the rate of this increment gets somewhat arrested
as the value of  /h approaches 0.02. Beyond that limit, the
evolution of entrance length with increments in  /h is rather
asymptotic in nature. Fundamentally, the competing action of
two counteracting mechanisms operating in tandem is re-
sponsible for this physical behavior. As the nanobubble layer
becomes thicker, the apparent slip velocity at the wall tends
to increase, which attempts to reduce the local shear layer
thickness. On the other hand, this also reduces the normal
velocity gradient at the wall, which tends to increase the
local shear layer thickness. When these two opposing effects
become of comparable strength, no further appreciable en-
hancement in the entrance length may become possible even
with stronger hydrophobic interactions at the wall.
Figure 3 depicts a visual representation of the effective
friction factor for different relative thicknesses of the
nanobubble layer. Because of an effective slip of the liquid
over the nanobubble layer, instead of being confronted with
surface roughness elements, the effective friction factor is
predicted to be substantially lower as compared to the cases
with less prominent hydrophobic interactions. It is interest-
ing to observe in this respect that as the nanobubble layer
grows in thickness, marginal differences in friction factor are
encountered between the entrance and the fully developed
regime. This is because of the significantly weakened con-
vective component of the fluid acceleration along the axial
direction in the entrance region with thicker nanobubble lay-
ers, which is responsible for a substantially reduced pressure
drop than what is intuitively expected for developing flows.
With thinner nanobubble layers, however, significantly en-
hanced frictional pressure drops are encountered in the en-
trance region, very much reminiscent to the classical devel-
oping flow situations.
B. Experimental comparisons
In order to experimentally assess the physical implica-
tions of the present theoretical proposition, rectangular mi-
crochannels were fabricated by micromilling cutters of dif-
ferent sizes on 1 cm thick Perspex™ glass. During the
fabrication procedure, the milling cutters were revolved at a
fixed rate of 550 rpm but the feed rates were varied as 12,
15, and 20 mm /min so as to obtain a range of surface
characteristics.28 Fluid flow through the microchannels was
actuated by means of a peristaltic pump Amersham Bio-
sciences, Peristaltic Pump P-1, maximum flow rate of
−5000 ml /h. For pressure drop measurements across the
length of the channel, several pressure tappings were drilled
and connected to a pressure sensor Honeywell, 24 PC series,
0–1 psi. For illustrating the characteristics of the near wall
flow through microchannels, a technique similar to the
streaking method for flow visualization29 was employed.
Briefly, an inverted fluorescent microscope Olympus in-
verted fluorescent microscope IX51 coupled with a high
speed and high resolution digital camera 4 MPixel Mono-
chrome CCD, ORCA ER, Hamamatsu, Melville, NY, USA
was focused just above the bottom surface of microchannel
close to one of the side walls. With 40 lens, the depth of
field was estimated to be 1 m. Fluorescent isothiocyanate
tagged latex beads Sigma, USA of diameter 466 nm
were used as the tracer particles. Over 200 snapshots were
taken at the same microscopic field for every sample, with
each shot spanning 100 ms and the images were collected by
IMAGE-PRO PLUS software Media Cybernetics, Bethesda,
USA. Subsequently, the out of focus fluorescents, deter-
mined from the cut off brightness, were subtracted from
original images. The resultant images were overlapped and
occupancy of the tracer bead at each pixelated coordinate
was estimated. Contrasting intensity and brightness condi-
tions were obtained in the foreground of illuminated fluores-
cent beads. In the constructed images, a gray upper part high-
lighted the bulk flow regime, whereas a dark lower part
delineated the solid wall. A cloudlike faint intermediate re-
gion, proximal to the solid-liquid interface, represented the
nanobubble-dispersed intermediate layer. A dilution of bead
density at these locations conformed to the imagery depic-
tion of dilution of water molecules in the regions occupied
by nanobubbles. Such images effectively provided a direct
inference on the occupancy of the microchannel surfaces
with the vapor layer of a measurable average thickness.
In obtaining the friction factor as a function of a local
axial coordinate, the following expression is employed:
f = Dh
L
p
1
2u¯
2 ,
where Dh is hydraulic diameter of the microchannel, p is
the pressure drop measured across two pressure tappings that
are separated by a distance of L along the microchannel axis
one of the tappings being connected to the inlet section and
the other tapping being connected to the desired axial loca-
tion so that the concerned pressure drop represents a local
friction factor pertinent to that specific axial coordinate, and
u¯ is the average velocity of flow i.e., the ratio of volumetric
FIG. 3. Color online Variations in friction factor for different values of
 /H. Markers in the figures represent the analytical solutions and the con-
tinuous lines represent full-scale numerical solutions.
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flow rate to the area of cross section. Measurements are thus
taken at several axial locations so that local friction factor as
a function of the nondimensional axial coordinate may be
evaluated. Further details of the pressure drop measurements
are outlined in Ref. 28 and are not repeated here for the sake
of brevity.
The friction factor values, as obtained from the above
experiments, are compared to the corresponding theoretical
predictions, as depicted in Fig. 4. These predictions agree
quite well each other, thereby establishing the validity of the
present physical conjecture.
C. Toward further generalization
Results obtained in the present study may further be ex-
tended to estimate the entrance region friction factors for
microconduits of other shapes. Such estimations may turn
out to be critical toward a physically consistent engineering
design of microfluidic systems being subjected to substantial
hydrophobic interactions. Toward this, an identical theoreti-
cal exercise that has earlier been executed for rectangular
shaped channel sections is first extended to circular sections,
by utilizing the governing fluid flow equations in cylindrical
coordinate systems. Because of notional analogies between
these derivations and the derivations for rectangular sections
presented earlier, the detailed derivations for circular sec-
tions are not repeated here for the sake of brevity. Rather,
direct comparisons between the key results for these two
sectional shapes are summarized in Table I for completeness.
Based on the findings of Muzychka and Yovanovich,30
which showed that the square root of the cross-sectional area
is more appropriate than the hydraulic diameter for nondi-
mensionalizing the laminar continuum flow data of varied
sections, the above results may further be extended to other
cross-sectional shapes as well. To achieve that purpose, the
product of friction factor and Reynolds number for circular
sections may first be recast using 
A as the reference length
scale to obtain
f Re
A =
8

1 + 4
+ f Reshort, 34
so that
f Reshort =
2

 131 + 42 − 2	i=1
 3 − exp− 	i
2exp− 	i
2
	i
21 + 4 + 	i
22  , 34a
where =x /
A Re
A. The term f Reshort corresponds to a short duct asymptote 0.001. For long microchannels, on the
other hand, the “shape-dependent” frictional characteristics can be described as
f Relong =
12
1 + 11.97 − 10.59 + 8.492 − 2.113

2

1 + 1 − 192
5
tanh 2
, 35
where  is the aspect ratio aspect ratio of all singly con-
nected ducts is defined as the ratio of maximum width to
maximum length of the section and is constrained to lie be-
tween 0 to 1. Derivation of the above equation is a straight
forward extension of those presented by Muzychka and
Yovanovich30 toward the physical situation addressed in the
present work. As per their definition, the aspect ratio for
regular polygons is unity.
Based on the expressions for the long and the short duct
asymptotes, a general model may be proposed by using the
asymptotic correlation method proposed by Churchill and
Usagi.31 The model takes the form
FIG. 4. Color online Comparisons between theoretical and experimental
predictions of the friction factor, as a function of the nondimensional axial
coordinate, for average  /H=0.001. Markers in the figures represent the
experimental results and the continuous lines represent the analytical solu-
tions. In the inset, the experimental and theoretical predictions are directly
compared over the entire range of parameters being investigated in this
work.
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f Re = f Reshortn + f Relongn 1/n, 36
where n is a superposition parameter determined by compari-
son with the theoretical and experimental data over the full
range of  the value of n is ascertained by minimizing the
root mean square deviation between the approximate solu-
tion and full-scale numerical solution. From the results ob-
tained for the present analysis for rectangular and circular
sections, a typical range of n is obtained as 1n1.2.
Therefore, for approximate engineering analysis toward mi-
crofluidic system design, a value of n close to unity may be
taken without much loss of accuracy.
IV. CONCLUSIONS
An analytical model is developed is this work to charac-
terize the effects of hydrophobic interactions adjacent to the
microchannel walls on the entrance region transport. How-
ever, additional interesting entrance and exit effects may oc-
cur due to electro-osmotic and/or electroviscous effects in
narrow fluidic confinements, the details of which are re-
ported elsewhere.32,33 The present analytical model is first
comprehensively validated with full-scale numerical simula-
tions as well as comprehensive experimental investigations.
The effects of hydrophobic interactions are considered to
give rise to the formation of nanobubbles or a depleted
lower-density wall-adjacent layer, according to the findings
of the earlier researchers. Although results corresponding to
simple geometries are only reported for the sake of brevity,
trivial extensions can be made for other simple or compli-
cated geometries, by appealing to the geometrical implica-
tion of an cross area-based length scale and a characteristic
aspect ratio. From the present study, the following important
observations can be made.
i With the formation of a depleted wall-adjacent layer
of a less-dense fluid, the entrance length may get en-
hanced by a limit in the tune of 50%. This enhance-
ment does not magnify to indefinite proportions, how-
ever, because of competing mechanisms dictating the
rate of shear layer growth. On the other hand, the
enhancement effect is much more dramatic for
nanobubble layers with relative thicknesses as low as
of the order of 0.001.
ii With thicker nanobubble layers, the flow velocities
and accelerations in the central core region get sub-
stantially reduced in strength, at the cost of less sig-
nificant disparities in the flow field between the wall-
adjacent layer and the bulk region.
iii With thicker nanobubble layers relative thicknesses
greater than approximately 0.05, the friction factor
characteristics exhibit negligible differences between
developing and fully developed states, although for
thinner nanobubble layers appreciable pressure drops
are observed to occur in the developing region. Since
typical nanobubble layer thicknesses approximately
in nanometers are roughly three orders less than the
characteristic microchannel dimensions approxi-
mately in microns, the later case represents a techno-
logically more interesting situation. With substantially
enhanced entrance lengths being encountered for such
cases, the corresponding friction factor predictions
made by utilizing the present theory can be of im-
mense practical consequence in designing microflu-
idic devices and systems with strong hydrophobic in-
teractions. Inferences drawn from the present study
clearly suggest that the implications of entrance re-
gion transport cannot be trivially overruled in such
situations, especially for relatively shorter
microchannels.
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